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In the present paper we establish some new integral inequalities involving real- 
valued functions of two independent variables and their partial derivatives. Our 
results in the special cases yield the two independent variable analogs of the 
Wirtinger and Opial type inequalities established by the present author and Traple 
in one independent variable. 2 1988 Academic Press, Inc. 
1. INTRODUCTION 
Integral inequalities involving functions and their derivatives have been 
established by many authors in the literature during the past several years, 
see [ 1, 3, 41. In particular, integral inequalities of considerable interest 
involving functions and their derivatives are associated with the names of 
Wirtinger and Opial [4, pp. 141-1621. A large number of papers have been 
written dealing with the various extensions and generalizations of these two 
inequalities, see [2, S] and the references given therein. In a recent paper 
[6], the present author has established some new integral inequalities of 
the Opial type in two independent variables which in turn contain as a 
special case the interesting analog of Opial’s inequality given by Yang [ 10, 
Theorem 51. The aim of the present paper is to establish some new integral 
inequalities of Wirtinger and Opiai type involving real-valued functions of 
two independent variables and their partial derivatives. The method used in 
the proofs is very elementary and based on some simple observations and 
applications of the fundamental inequalities. Our results established in this 
paper yield in the special cases the two independent variable analogs of 
some of the Wirtinger and Opial type inequalities established by the 
present author in [S] and Traple in [9]. 
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2. STATEMENT OF RESULTS 
Throughout we use the following notations: 
Dl AX> Y) =g Ax, Y), D2 P(X? Y) = -& Pb, VI> 
D,D2Pb,Y)=&P(XY) 
and 
~=Ca,blxCc,dl, d,=[a,X]x[c, Y], 
A, = [a, Xl x C K 4, A, = C-Y 61 x Cc, Y], A, = [X, b] x [I’, d] 
for aQX<b, c< YQd. 
We now state our results to be proved in this paper. 
THEOREM 1. Let p(x, y) be a real-valued nonnegative continuous function 
defined on A. Zf fi(x, y), D, fr(x, y), and D, D,f,(x, y) are real-valued con- 
tinuous functions defined on A for r = 1, . . . . n and if f,(a, y) = f,(b, y) = 
Dlf,(x,c)=Dlfr(x,d)=O,for a<x<b, c<y<d, then 
ib” (led P(X, Y) [ ii 
r=l 
If,(x, Y,I”+]~‘~ dy) dx 
(1) 
where m, > 1 (for r = 1, . . . . n) are constants and 
K(a,b, c, d,n,m,, . . ..m.)= {~}(2/n)~~=~m~{(b-~)(d-c)}1+(2/“’~~=~(m~-11) 
(2) 
is a constant depending on a, b, c, d, n, m, , . . . . m,. 
In the special cases when (i) m, = 1 for r = 1, . . . . n, (ii) n = 2, (iii) n = 1, 
(iv) n =2 and m, =m2 = 1, and (v) n = 1 and m, = 1, the inequality 
established in (1) reduces respectively to the following inequalities 
INEQUALITIES IN TWO INDEPENDENT VARIABLES 377 
(3) 
X [lD,Dzfi(x,y)12”‘+ ID~D,fi(x,y)12”21 dy , (4) 
P(X, Y) If~(x, ~41~~ 4 dx 
<K(a,b,c,d, l,mll{[I (~cd~~~~~)d~)d~) 
X lD,Dzfi(x, 14~~ dy 3 
Ax, Y) Ifib Y)I Ifi(x, ~11 4 dx 
<iK(a,b,c,d,Z 1, 1) {,” ([“Ax,y)&)dx) 
u c 
(5) 
X (5” (Id ClD~Dzfik Y)I' + lD1D,f,(x, y)l’I 4) dr), (6) 
0 c 
b d 
j  (1 
P(X, Y) Ifib, ~41~ dy dx a c > 
< K(a, 6, c, 4 1, 1) {lb (1” P(X, Y) 4) dx} a c 
b d 
X 
11 (i’ 
lD1DJl(x, yN2 dy dx 
0 c > I 
. (7) 
It is interesting to note that the inequalities obtained in (6) and (4) are the 
two independent variable analogs of the Wirtinger type inequalities 
established by the present author in [IS, Theorems 1 and 21 and the 
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inequality obtained in (7) is a two independent variable analog of the 
Wirtinger type inequality established by Traple in [9, inequality 4, p. 1601. 
THEOREM 2. Let the functions p(x, y), f,(x, y), Dlf,(x, y) and 
D,D,f,(x, y) be as defined in Theorem 1. Then 
j” ( jd p(x, Y) [ fi IfAx, Y)lmr]l’n [ i 
0 ‘ r=l r=l 
ID,DzfAx> .W’j &) dx 
112 
Q K(a, 6, c, d, n, ml, . . . . m,) 
14D,fr(x,y)12"r 
1 > i 
& dx 9 (8) 
where m, > 1 (for r = 1, . . . . n) are constants and K(a, b, c, d, n, m,, . . . . m,) is 
as defined in (2). 
If we take (i) m, = 1 for r = 1, . . . . n, (ii) n = 1, (iii) n = 1 and m, = 1 in (8), 
then we get respectively the following inequalities 
j” (j” P(X, Y) [ ii lfr(x, ,;)I]- [ 2 lD,DzfAx, YN] dv) dx 
u < r=l r= I 
I/2 
K(a, b, c, d, n, 1, . . . . 
P(X, Y) Ift(x, y)l”’ lD,D,f,k y)l”’ 4 
6 (K(a, b, c, d, 1, ml) 11 (1” p*(x, Y) &) dx)‘i2 < 
X ID,Dzfik yN*” dy 1 
h d 
j 0 Ax, Y) Ifi(x, y)l lD1Dzfi(x, .v)l 4 dx (I c > 
G {Ma, 6, c, 4 1, 1) juh ( jcy P’(x, Y) dy) dx}‘j2 
(9) 
(10) 
X lD,D,fik y)12 4 . 
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We note that the inequality obtained in (11) is a two independent variable 
analog of the Opial type inequality established by Traple in [9, inequality 
5, p. 1601. In the special case when p(x, y) is constant, then from (11) we 
have the following Opial type inequality 
Ifik Y)I ID,Dzfi(x, Y)I 4 dx 
ID,&fi(x, Al2 4 dx. (12) 
Here, we note that the constant (b - a)(d- c)/4 involved in (12) is not the 
best possible constant. The inequality (12) with the best possible constant 
(b-a)(d-c)/S is recently established by Yang in [lo, Theorem 51 (see 
also [6]) by using a different method. However, our proof of inequality 
(12) depends on the inequality established in Theorem 1 which in turn does 
not yield the sharp constant obtained in [lo]. 
3. PROOFS OF THEOREMS 1 AND 2 
It is easy to observe that the following identities hold: 
for (x,y)~A,, 
for lx, Y) E A2 
for (x,Y)EA~ 
for b, Y) E A, 
for Y = 1, . . . . n. From (13)-( 16) we observe that 
If,(X?Y)l <a j; (j" ID,D,fr(s, t)l dt & (x, Y) E A. L 
(13) 
(14) 
(15) 
(16) 
(17) 
From (17) and using Holder’s inequality twice with indices m, and 
l/(m, - 1) for r = 1, . . . . n we obtain 
If,(x,y)Imr<($+ {(b-a)(d-c)}“+’ b d JD,D,f(s, t)lmrdt 
> 
ds. (18) 
380 B. G. PACHPATTE 
From (18) and using the elementary inequalities (see [ 1,4]) 
(b, -b,,)““<~ b + ... +b,) 
n( l 
(for b,, . . . . b,>O reals and n> 1) and 
(6, + ... + b,,)’ < n(b: + ... + b;) 
(for b,, . . . . 6, reals) and Schwarz inequality twice, we obtain 
[ fi lf,(x,y),mj2’n< {+}(2/‘0%P~ {(b-a)(d-c)}‘2/“‘~:=,(“~.1) 
r= 1 
(19) 
(20) 
{(b-a)(d-c)}‘2/“)Z:=,(m,--) 
2 
P,D,fr(s, t)l”‘dt 
1 
6- K(a, b, c, d, n, m,, . . . . m,) 
n 
P,D,fr(s, t)12”r dt ds. I> (21) 
Multiplying both sides of (21) by p(x, y) and integrating the resulting 
inequality on A, we have 
5,” (jcd P(X, Y) [ fi 
r=l 
IfAx, YY~]~‘~ dy) dx 
<A K(a, 6, c, d, n, m,, . . . . m,) 
n 
~,~2.fr(x,y)12”~ 1 > 1 dy dx . 
This is the desired inequality in (1) and the proof of Theorem 1 is com- 
plete. 
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By virtue of Schwarz inequality twice and the inequalities (1) and (20) 
we observe that 
K(a, 6, c, d, n, m,, . . . . m,) 
K(a, b, c, d, n, m,, . . . . m,) 
which is the desired inequality in (8) and the proof of Theorem 2 is 
complete. 
In concluding this paper, we note that the multidimensional integral 
inequalities of the type (1) and (8) are established by several authors by 
using different techniques, see [6, lo] and [4, pp. 141-1541. Here, the 
analysis used in the proofs of Theorems 1 and 2 is very elementary and 
based on the recent results established by the present author in [7] and we 
believe that the inequalities established in (1) and (8) are of independent 
interest. 
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